Kyurkchiev and Andreev (1985) constructed an infinite sequence of Weierstrass-type iterative methods for approximating all zeros of a polynomial simultaneously. The first member of this sequence of iterative methods is the famous method of Weierstrass (1891) and the second one is the method of Nourein (1977) . For a given integer N ≥ 1, the Nth method of this family has the order of convergence N + 1. Currently in the literature, there are only local convergence results for these methods. The main purpose of this paper is to present semilocal convergence results for the Weierstrass-type methods under computationally verifiable initial conditions and with computationally verifiable a posteriori error estimates.
Introduction and preliminaries
Throughout this paper (K, | · |) denotes an algebraically closed normed field and K[z] denotes the ring of polynomials (in one variable) over K. We endow the vector space K n with the p-norm x p = n i=1 |x i | p 1/p for some 1 ≤ p ≤ ∞, and we equip (R n , · p ) with coordinate-wise ordering defined by x y if and only if x i ≤ y i for each i = 1, . . . , n.
(1.1)
Then (R n , · p ) is a solid vector space. Also we define a cone norm · in K n with values in R n by x = (|x 1 |, . . . , |x n |).
Then (K n , · ) is a cone normed space over R n (see, e.g., Proinov [9] ). Let f ∈ K[z] be a polynomial of degree n ≥ 2. A vector ξ ∈ K n is called a root-vector of f if f (z) = a 0
In 1891, Weierstrass [18] published his famous iterative method for simultaneous computation of all zeros of f . The Weierstrass method is defined by the following iteration
where the operator W f : D ⊂ K n → K n is defined by W f (x) = (W 1 (x), . . . , W 1 (x)) with W i (x) = f (x i ) a 0 j i (x i − x j ) (i = 1, . . . , n), (1.4) where a 0 ∈ K is the leading coefficient of f and the domain D of W f is the set of all vectors in K n with distinct components. The Weierstrass method (1.3) has second-order of convergence provided that all zeros of f are simple. Other iterative methods for simultaneous finding polynomial zeros can be found in the books [4, 5, 8, 15] and the references therein. In 1985, Kyurkchiev and Andreev [3] introduced a sequence of iterative methods for approximating all zeros of a polynomial simultaneously. The first member of their family of iterative methods is the Weierstrass method (1.3) and the second one is the method of Nourein [7] .
Before we present Kyurkchiev and Andreev's family of iterative methods, we give some notations which will be used throughout the paper. We define the binary relation # on K n by x # y ⇔ x i y j for all i, j ∈ I n with i j.
(1.5)
Here and throughout this paper, we denote by I n the set of indices 1, . . . , n. For two vectors x ∈ K n and y ∈ R n we define in R n the vector
provided that y has only nonzero components. We define the function d : K n → R n by d(x) = (d 1 (x), . . . , d n (x)) with d i (x) = min j i |x i − x j | (i = 1, . . . , n).
In the sequel, for a given vector x in K n , x i always denotes the ith component of x. In particular, if F is a map with values in K n , then F i (x) denotes the ith component of the vector F(x).
is a polynomial of degree n ≥ 2. We define the sequence (T (N) ) 6) where the sequence of the domains D N is also defined recursively by setting D 0 = K n and
Let N ∈ N be fixed. Then the Nth method of Kyurkchiev-Andreev's family can be defined by the following fixed point iteration
Currently in the literature, there are only local convergence results for the Weierstrass-type methods (1.8) (see [3, 13] ). In this paper, we present semilocal convergence results for the Weierstrass-type methods under computationally verifiable initial conditions and with computationally verifiable a posteriori error estimates. These results are obtained by using some results of [10] and [11] .
The paper is structured as follows: In Section 2, we obtain new local convergence results (Theorem 2.11, Corollary 2.12 and Corollary 2.13) for the Weierstrass-type methods (1.8). In the case N = 1 (Weierstrass method) and p = ∞ the main result of this section reduces to a result of Proinov [10, Theorem 7.3] . In Section 3, we present our semilocal convergence results (Theorem 3.2, Theorem 3.5, Corollary 3.3 and Corollary 3.6) for the Weierstrass-type methods (1.8) . Note that these results are based on the local convergence results obtained in the previous section. In Section 4, we provide three numerical examples to show the applicability of our semilocal convergence results.
Throughout this paper, we follow the terminology of [10] . In particular we refer to this paper for the definition of the following notions: quasi-homogeneous function of degree r ≥ 0; gauge function of order r ≥ 1; function of initial conditions of a map; initial point of a map; iterated contraction at a point.
Local convergence analysis of the Weierstrass-type methods
Let f ∈ K[z] be a polynomial of degree n ≥ 2. In this section, we study the convergence of the Weierstrass-type methods (1.8) with respect to the function of initial conditions E : D → R + defined by
for some 1 ≤ p ≤ ∞. We define the function Ψ :
Throughout this section we denote by R the unique positive solution of the equation Ψ(t) = 2. It can be proved that n(2 1/n − 1)
where q is the conjugate exponent of p, i.e. q is defined by means of 1 ≤ q ≤ ∞ and 1/p + 1/q = 1. The lower estimate in (2.3) can be proved as Lemma 7.4 of [10] and the upper estimate is trivial. Also, we define the functions ω :
It follows from the definition of R that 
Proof of the correctness of Definition 2.1. We prove the correctness of the definition by induction. For N = 0 it is obvious. Assume that for some N ≥ 0 the function φ N is well-defined and nondecreasing on [0, R] and φ N (R) = 1. We shall prove the same for φ N+1 . From the induction hypothesis, we get that ω N is nondecreasing on [0, R] and ω N (R) = ω(R). Then it follows from (2.
which guarantees that the function φ N+1 is well-defined on [0, R]. Obviously, φ N+1 is nondecreasing on [0, R]. From the definition of φ N+1 , ω N (R) = ω(R) and (2.5), we get
This completes the induction and the proof of the correctness of Definition 2.1.
Proof. We prove Claim (i) by induction. The case N = 0 is obvious. From the induction hypothesis and Example 2.2 of [10] , we conclude that the function ω N (t) − 1 is a quasi-homogeneous of degree N + 1 on [0, R]. Hence, φ N+1 is quasi-homogeneous of degree N + 1 on [0, R] as a product of a quasi-homogeneous of degree N + 1 and a nondecreasing function. This ends the proof of (i). From the fact that the function ω N (t) − 1 is a quasi-homogeneous of degree
From (2.6), the last inequality and ω N (t) ≤ ω(t), we get
which proves (ii). Claim (iii) follows from (ii) by induction. Claim (iv) follows from (i) and definition of ϕ N . 10) where the function ω N is defined in (2.6).
Proof of the correctness of Definition 2.4. The functions β N and ψ N are well defined on [0, R] since ω N−1 is well defined on this interval. The monotonicity of these functions is obvious. It remains to prove that β N (R) < 1 and ψ N (R) > 0. It follows from ω N−1 (R) = ω(R) and (2.5) that
which completes the proof of the correctness of Definition 2.1.
Proof. Claim (i) follows from Lemma 2.3(i) and Example 2.2 of [10] . Claim (ii) follows from Definition 2.1 and Definition 2.4.
where u j ∈ K is defined by
(2.12)
then for all i, j ∈ I n ,
If v is a vector with distinct components such that (2.13) holds, then for all i, j ∈ I n ,
n is a vector with distinct components such that
where the function E is defined by (2.1). Then f has only simple zeros in K, x ∈ D N and
Proof. It follows from Proposition 5.3 of [10] that the vector ξ has distinct components, which means that f has only simple zeros in K. Further, we proceed by induction. If N = 1, then the proof can be found in [10] . Assume that both x ∈ D N and (2.17) hold for some N ≥ 1. First, we prove that x ∈ D N+1 . It follows from (2.17) that condition (2.13) is satisfied with u = T (N) (x), v = x and α = 1. Therefore, by Lemma 2.7, taking into account (2.16) and the fact that x is a vector with distinct components, we obtain
for every j i. Consequently, x # T (N) (x) which proves that x ∈ D N+1 . Second, we shall prove that (2.17) is true for N + 1. Obviously, the last statement is equivalent to |T
Let i ∈ I n be fixed. We consider the vector u = (u j ) j i ∈ K n−1 , where u j is defined by (2.12). It follows from (2.17) and (2.18) that
Taking the p-norm and using Lemma 2.5(ii) and ψ N (t) ≤ 1, we get
Then, from Lemma 2.6, Lemma 3.2 of [12] , (2.20) and (2.9), we obtain
which proves that (2.19) is true for N + 1. This completes the induction and the proof.
n and E : D N → R + be defined by Definition 1.1 and (2.1), respectively. Then:
is an iterated contraction at ξ with respect to E with control function β N ;
Proof. (i) First, we prove that
Condition (2.17) allow us to apply Lemma 2.8 with u = T (N) (x), v = x and α = β N (E(x)). Therefore, we get
Taking minimum over j i on both sides of this inequality, we obtain
It follows from (2.19), (2.22) and Lemma 2.5(ii) that
Taking the p-norm on both sides of this inequality, we get
which proves (2.21). Now Claim (i) follows from (2.21) and Lemma 2.3(iv).
(ii) It follows from Lemma 2.9.
(iii) It follows from Lemma 2.9 that x (0) ∈ D N . According to Proposition 2.7 of [10] to prove that x (0) is an initial point of T (N) it is sufficient to prove that
Thus we have both T (N) (x) ∈ D and E(T (N) (x)) ∈ J. Applying Lemma 2.9 to the vector T (N) (x), we get T (N) (x) ∈ D N which proves (2.24). Hence,
Now, we are ready to state and prove the main result in this section. In the case N = 1 and p = ∞ this result reduces to Theorem 7.3 of [10] . Theorem 2.11. Let f ∈ K[z] be a polynomial of degree n ≥ 2, ξ ∈ K n be a root-vector of f , N ≥ 1 and 1 ≤ p ≤ ∞. Suppose x (0) ∈ K n is a vector with distinct components such that
where the function E is defined by (2.1) and Ψ is defined by (2.2). Then f has only simple zeros and the Weierstrass-type iteration (1.8) is well-defined and converges to ξ with error estimates The following result is a simplified version of Theorem 2.11. It involves only the function φ defined by (2.4).
Corollary 2.12. Let f ∈ K[z] be a polynomial of degree n ≥ 2, ξ ∈ K n be a root-vector of f , N ≥ 1 and 1 ≤ p ≤ ∞. Suppose x (0) ∈ K n is a vector with distinct components satisfying (2.25). Then f has only simple zeros and the Weierstrass-type iteration (1.8) is well-defined and converges to ξ with error estimates
for all k ≥ 0, where λ = φ(E(x (0) )) and the real function φ is defined by (2.4). Moreover, if the inequality in (2.25) is strict, then the Weierstrass-type iteration converges to ξ with order of convergence N + 1.
Proof. It follows from Theorem 2.11, Lemma 2.3(ii) and the inequality 0 < ψ N (t) ≤ 1 which holds for every t ∈ [0, R].
We end this section with a convergence theorem under initial condition in explicit form. Corollary 2.13. Let f ∈ K[z] be a polynomial of degree n ≥ 2, ξ ∈ K n be a root-vector of f , N ≥ 1 and 1 ≤ p ≤ ∞. Suppose x (0) ∈ K n is a vector with distinct components such that
28)
where the function E is defined by (2.1) and q is the conjugate exponent of p. Then the Weierstrasstype iteration (1.8) is well-defined and converges to ξ with order of convergence N + 1 and with error estimates (2.26) and (2.27).
Proof. It follows from Theorem 2.11, Corollary 2.12 and the lower estimate in (2.3).
Semilocal convergence theorems for the Weierstrass-type methods
In this section, we present two semilocal convergence theorem for Weierstrass-type methods (1.8) with computationally verifiable initial conditions and with computationally verifiable a posteriori error estimates. We study the convergence of the Weierstrass-type methods (1.8) with respect to the function of initial conditions E : D → R + defined by
First semilocal convergence theorem
Recently Proinov [11] have proposed a new approach for obtaining semilocal convergence results for simultaneous methods via local convergence results. In particular, from Theorem 2.11, we can obtain a convergence theorem for Weierstrass-type methods (1.8) under computationally verifiable initial conditions. In what follows q is the conjugate exponent of p.
Theorem 3.1 (Proinov [11] ). Let f ∈ K[z] be a polynomial of degree n ≥ 2. Suppose there exists a vector x ∈ K n with distinct components such that
for some 1 ≤ p ≤ ∞, where a = (n − 1) 1/q . In the case n = 2 and p = ∞ we assume that inequality in (3.2) is strict. Then f has only simple zeros and there exists a root-vector ξ ∈ K n of f such that
where the real functions α and h are defined by
t) 2 − 4t ) and h(t) = t α(t). (3.4)
Moreover, if the inequality (3.2) is strict, then the second inequality in (3.3) is strict too.
In the sequel, we define the real function
where Ψ and h are defined by (2.2) and (3.4), respectively. Now we are in a position to state the main result of this paper.
Theorem 3.2. Let f ∈ K[z] be a polynomial of degree n ≥ 2, N ≥ 1 and 1 ≤ p ≤ ∞. Suppose x (0) ∈ K n is an initial guess with distinct components satisfying
and
6)
where the function E f is defined by (3.1), the function Ω is defined by (3.5) and a = (n − 1) 1/q . In the case n = 2 and p = ∞ we assume that the first inequality in (3.6) is strict. Then f has only simple zeros in K and the Weierstrass-type iteration (1.8) is well-defined and converges to a root-vector ξ of f with order of convergence N + 1 and with error estimate
7)
for all k ≥ 0 such that E f (x (k) ) ≤ 1/(1 + √ a) 2 and Ω(E f (x (k) )) < 2, where the function α is defined by (3.4) .
Proof. From the first inequality in (3.6) and Theorem 3.1, we conclude that f has only simple zeros and there exists a root-vector ξ ∈ K n of f such that
From this and the second inequality in (3.6), taking into account that Ψ is increasing on [0, +∞), we obtain
It follows from Theorem 2.11 that the Weierstrass-type iteration (1.8) is well-defined and converges to ξ with order of convergence N + 1. It remains to prove the estimate (3.7). Suppose that for some
Then it follows from the first inequality in (3.8) and Theorem 3.1 that there exists a root-vector η ∈ K n of f such that
From the second inequality in (3.9) and the second inequality in (3.8), we get
By Theorem 2.11, we conclude that the iteration (1.8) converges to η. By the uniqueness of the limit, η = ξ. Hence, the error estimate (3.7) follows from the first inequality in (3.9).
is an initial guess with distinct components such that
where a = (n − 1) 1/q . Then f has only simple zeros in K and the Weierstrass-type iteration (1.8) is well-defined and converges to a root-vector of f with order of convergence N + 1 and with error estimate (3.7) . 10
Proof. The proof follows from Theorem 3.2 because the initial condition (3.10) implies (3.6). For simplicity, we set R = 2/(5a + 6) and µ = 1/(1 + √ a) 2 . To prove that x (0) satisfies (3.6) it is sufficient to show that R ≤ µ and Ω(R) < 2, since Ω is increasing on [0, +∞]. We prove only Ω(R) < 2. We define the function G : R + → R + (the graph of G is given in Fig. 1 ) by:
, where g(t) = 4/(3t + 8 + √ 9t 2 + 8t + 16 ). By using standard arguments of calculus, it is easy to prove that G(t) < 2 for all t ∈ R + . It follows from the definition of Ω and the well-known inequality (1 + t/n) n ≤ e t (t ∈ R + ) that
which completes the proof of the corollary.
Second semilocal convergence theorem
In this section we need another theorem of Proinov [11] that enables us to transform local convergence theorems into semilocal ones. Theorem 3.4 (Proinov [11] ). Let f ∈ K[z] be a monic polynomial of degree n ≥ 2. Suppose the initial guess x ∈ K n with distinct components such that
for some 1 ≤ p ≤ ∞ and 0 < R ≤ 1/(1 + √ a), where a = (n − 1) 1/q . In the case n = 2 and p = ∞ we assume that inequality in (3.12) is strict. Then f has only simple zeros and there exists a root-vector ξ ∈ K n of f such that 13) where the real function α is defined as in (3.4) . If the inequality (3.12) is strict, then the second inequality in (3.13) is strict too.
n is an initial guess with distinct components such that
where a = (n − 1) 1/q . Then f has only simple zeros in K and the Weierstrass-type iteration (1.8) is well-defined and converges to a root-vector of f with order N + 1 and with error estimate
where the function α is defined by (3.4) .
. From the well-known inequality n(
On the other hand
Therefore, (3.14) can be written in the form
Then it follows from Theorem 3.4 that f has only simple zeros in K and there exists a root-vector ξ ∈ K n of f such that
Now Corollary 2.13 implies that the Weierstrass-type iteration (1.8) converges to ξ with order of convergence N + 1. It remains to prove the error estimate (3.15). Suppose that for some k ≥ 0,
Then it follows from Theorem 3.4 that there exists a root-vector η ∈ K n of f such that
From the second inequality in (3.17) and Corollary 2.13, we conclude that the Weierstrass-type iteration (1.8) converges to η. By the uniqueness of the limit, we get η = ξ. Consequently, the error estimate (3.15) follows from the first inequality in (3.17) . This ends the proof.
Corollary 3.6. Let f ∈ K[z] be a polynomial of degree n ≥ 2, N ≥ 1 and 1 ≤ p ≤ ∞. Suppose x (0) ∈ K n is an initial guess with distinct components such that
where a = (n − 1) 1/q . Then f has only simple zeros in K and the Weierstrass-type iteration (1.8) is well-defined and converges with order N + 1 to a root-vector of f with error estimate (3.15).
Proof. It follows from Theorem 3.5 and the inequality n(
Numerical examples
In this section, we provide three numerical examples to show the applicability of Theorem 3.2. We consider only the case p = ∞ since the results in other cases are similar. Let f ∈ C[z] be a polynomial of degree n ≥ 2 and let x (0) ∈ C n be an initial guess. We consider the function of initial conditions E f : D → R + defined by
Furthermore, we define the real function Ω as follows 2) where the function α is defined by
It follows from Theorem 3.2 that if there exists an integer m ≥ 0 such that
then f has only simple zeros and the Weierstrass-type iteration (1.8) starting from x (0) is welldefined and converges to a root-vector ξ of f with order of convergence N + 1. Besides, the following a posteriori error estimate holds:
In the examples below, we apply the Weierstrass-type methods (1.8) for some N ≥ 1 using the stopping criterion ε k < 10
together with (4.6). For given N ≥ 1 we calculate the smallest m ≥ 0 which satisfies the convergence condition (4.4), the smallest k ≥ m for which the stopping criterion (4.7) is satisfied, as well as the value of ε k for the last k. From these data it follows that: 1) f has only simple zeros; 2) the Nth Weierstrass-type iteration (1.8) starting from x (0) is well-defined and converges with order N + 1 to a root-vector of f ; 3) at kth iteration the zeros of f are calculated with an accuracy at least ε k .
In Table 2 the values of iterations are given to 15 decimal places. The values of other quantities (µ, E f (x (m) ), etc.) are given to 6 decimal places. which are taken from Hopkins et al. [2] and Niell [6] . We have µ = 0.171572. For a given N, it can be seen from Table 1 the value of m which guarantees that the Weierstrass-type iteration (1.8) starting from x (0) is well-defined and converges to a root-vector of f with order of convergence N + 1, the value of k for which the stopping criterion (4.7) is satisfied and the value of the error estimate ε k which is guaranteed from Theorem 3.2. For example, for N = 100 at the second iteration (m = 2) we have proved that the method is convergent with order of convergence 101 and at the third iteration (k = 3) we have calculated the zeros of f with accuracy less than 10 −523 . Moreover, at the fourth iteration we have obtained the zeros of f with accuracy less than 10 −52900 . The numerical results for N = 100 are shown in Table 2 . Table 1 Values of m, k and ε k for Example 4.1. 
which are taken from Sakurai and Petković [16] . In this case µ = 0.084040. The results for this example are presented in Table 3 . For example, we can see that for N = 4 at the first iteration (m = 1) we prove the convergence of the method, and at the third iteration (k = 3) we obtain the zeros of f with accuracy less than 10 −58 .
Table 3
Values of m, k and ε k for Example 4.2. In their paper they say: "... when we intended to solve the equation z 20 − 1 = 0, we could not find any suitable initial values to use algorithm (1.3)". Actually, this is not true. There are many initial approximations for which the Weierstrass method (1.3) is convergent for the polynomials (4.8).
We have made two types of experiments.
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First, we compute the zeros of the polynomials (4.8) by using the Weierstrass algorithm (1.3) with 1000 initial guesses x (0) ∈ C n such that x (0) ∞ ≤ 2 given randomly. By Theorem 3.2 (N = 1), we obtain that the Weierstrass method starting from each of these random initial approximations x (0) is well-defined and convergent to a root-vector of f . Second, we compute the zeros of the polynomials (4.8) by using the Weierstrass-type iterations (1.8) for some N ≥ 1 (including the case N = 1) with Aberth's initial approximation x (0) ∈ C n given by (see [1] ) 9) where n is the degree of the corresponding polynomial. We have made these experiments for r 0 = 1, 1.1, 1.2, . . . , 1.9, 2. Again, in all cases, we prove the convergence of the methods. In this example, we present the results for the second type of experiments for r 0 = 2. For the polynomial f (z) = z 20 − 1 we have µ = 0.034821 and the obtained results can be seen in Table 4 . For example, we can see that for N = 61 at the seven iteration we have calculated the zeros of f with accuracy less than 10 −14153 .
Table 4
Values of m, k and ε k for Example 4.3 for f (z) = z 20 − 1. The situation is similar for the polynomial f (z) = z 30 − 1. In this case µ = 0.024527 and the obtained numerical results are presented in Table 5 . For example, we can see that for N = 101 at the sixth iteration we have obtained the zeros of f with accuracy less than 10 −95810 .
Table 5
Values of m, k and ε k for Example 4.3 for f (z) = z 30 − 1.
